Deformations of nematic layers caused by magnetic field allow determination of the elastic constants
Introduction
Magnetic field of sufficient strength induces deformations of nematic liquid crystal layers [1] . This effect has been commonly used for determination of elastic constants of nematics (e.g. [2] [3] [4] ). For example, in the case of a planar nematic layer of the thickness d, the threshold magnetic in− duction is B d k c = p m c 0 11 D where Dc is the diamag− netic susceptibility anisotropy and m 0 = 4p × 10 -7 WbA -1 m -1 , allows for determination of the splay elastic constant k 11 . More complex experiment consists in measurement of the optical phase difference DF between the ordinary and ex− traordinary rays of light passing through the layer placed be− tween crossed polarizers as a function of the magnetic field induction B. Then, the ratio k 33 /k 11 can be determined as the value which ensures the best agreement between the numer− ically calculated and experimentally measured DF(B) dependence.
In the present paper, we study the influence of the flexoelectric properties on the results of such a measure− ment. For this purpose we simulated numerically experi− ments performed in order to measure the elastic constants k 33 and k 11 in flexoelectric nematic containing ions. From these results we determined the elastic constants in course of a fitting procedure, treating the nematic as non− flexoelectric and insulating since usually neither the flexoelectric coefficients nor the ion concentrations are known.
Flexoelectricity gives rise to the internal electric polar− ization whenever the director field in the nematic sample contains splay or bend deformations [5] . The polarization vector is given by P n n n n = Ñ -´Ñé e 11 33 ( ) ( ), where e 11 and e 33 are the flexoelectric coefficients. The measurements of these coefficients are difficult and often yield contradic− tory results [6] . As a consequence of the flexoelectric prop− erties, electric field arises in the deformed nematic layers. This causes additional torques of flexoelectric and dielectric nature which affect the director distribution [7] .
Nematics always contain ions. The ion concentration depends on purity of the material and ranges between 10 18 and 10 21 m -3 . Spatial distribution of the ions is governed by the electric field due to the flexoelectric polarization. The screening effect occurs, which diminishes the role of the flexoelectricity, i.e., influences the torques acting on a director.
Summarizing, the deformations induced by the magnetic field are affected by the flexoelectricity and the presence of ions. Therefore the elastic constant values based on these deformations may differ from their true values. This effect may be important in preparation of nematic mixtures used in liquid crystal displays.
Method

Geometry and parameters
The nematic liquid crystals layer of the thickness d = 20 μm was confined between two infinitive plates parallel to the xy plane of the Cartesian coordinate system (Fig. 1 ). They were positioned at z = ±d/2. The magnetic field B was applied to the layer. Two kinds of layers were taken into account, pla− nar and homeotropic ones. In each case, the anchoring strength W was identical on both surfaces and was equal to 1×10 -4 Jm -2 . The director n orientation was described by the angle q (z), measured between n and the y−axis. Most of the material parameters used in calculations were chosen ac− cording to the properties of the liquid crystal 5CB. The model substance was characterized by the elastic constants k 11 = 5.9 × 10 -12 N and k 33 = 9.2 × 10 -12 N. The magnetic anisotropy was positive and equal to Dc = 1.53 × 10 -6 with the dielectric constant components e || = 25.4 and e^= 6.6. The flexoelectric properties were expressed by the sum of flexoelectric coefficients e 11 + e 33 = -30 × 10 -12 Cm -1 . The optical properties were described by the refractive indices n 0 = 1.54 and n e = 1.72. The transport of the ions under the action of an electric field was characterized by their mobil− ity and diffusion coefficients. It was assumed that the mobil− ity of the positive ions was much smaller than that of the negative ions [8, 9] . The values used in calculations corre− sponded to typical results of mobility measurements in vari− ous liquid crystals and reflected typical anisotropy of mobility [10, 11] , m || .
-- 
, and was varied in the range 10 18 -10 24 m -3 s -1 which gave the average ion con− centrations ranging between 5 × 10 17 m -3 and 5 × 10 20 m -3 .
For the deformed layers simulated in this work, we cal− culated the optical phase retardation DF as a function of B. The results of simulations were treated as experimental data obtained from a real experiment performed in order to deter− mine the elastic constants k 11 and k 33 . For example, in the case of the homeotropic layer, the threshold induction B c , read from the plot B(DF), allowed to find the elastic con− stant k 33 . The ratio k 33 /k 11 could also be determined by means of a numerical best−fit procedure. This fit consisted in calculating the B(DF) dependence for different values of k 33 /k 11 ratios, performed under the assumption that the re− fractive indices n o and n e , diamagnetic anisotropy Dc, and the elastic constant k 33 (determined earlier from the B c value) were known. The nematic was treated as non−flexo− electric and perfectly insulating, because usually neither the sum of flexoelectric coefficients e 11 + e 33 nor the ion con− centration N av are known during the real measurements of elastic constants. The final value of k 33 /k 11 corresponded to the best agreement between the calculated and simulated B(DF) dependencies.
Basic equations
The problem is considered to be one−dimensional. The re− duced co−ordinate z = z/d is introduced in the following. 
for the homeotropic case, where r z z z
q N N is the space charge density. The transport of ions in the bulk is governed by two equations of continuity for ions of both signs 
for the homeotropic layer. The boundary conditions for the electrostatic potential
For the ion concentrations N ± (z) they read
where z = ±1/2. The optical retardation was calculated on the basis of the director orientation angle q(z) by means of the formula
In order to find the best−fit value of the k 33 /k 11 ratio, the sum of the squared differences between the simulated and calculated B(DF) functions was determined for ten values of B. The k 33 /k 11 ratio which gave the minimum value of this sum was taken as the final result.
Results
In the course of simulation of measurements, the director orientation angle q(z), electric potential V(z), and ion con− centration distributions N ± (z) were calculated in the planar and homeotropic nematic layers for various magnetic field inductions and various ion contents. In each case, the optical phase difference DF was found as a function of B. trated by means of the plots of k 33 /k 11 ratio as a function of the ion concentration logarithm.
In the case of the planar layer, the value of k 11 based on extrapolation of the simulated B(DF) dependence was al− ways close to the true value. On the contrary, the best fitted ratio of k 33 /k 11 determined at low ion concentrations was about 25% higher than the true value and became equal to the true value when the ion content exceeded 10 -20 m -3 (Fig. 3, thin line) .
In the case of the homeotropic layer, the value of k 33 de− termined from the simulations was also close to the true value. The best fitted ratio of k 33 /k 11 was lower than the true value in the whole range of ions concentration. The differ− ence was~30% in highly pure nematic and remained as large as 20% at highest ion content (Fig. 3, thick line) .
Additional calculations were performed for a non−flexo− electric homeotropic nematic layer (Fig. 3, dashed line) . The best−fitted ratio of k 33 /k 11 was exactly equal to the true value (marked with the circle) independent of the ion con− tents. This result confirms that the described discrepancy in the ratios of k 33 /k 11 is caused by the flexoelectric properties which may be very important in real samples.
Conclusions
The influence of flexoelectric properties on the elastic de− formations of nematic layers is well known [13] . It is re− vealed by the formula for the volume electric energy density 
which can be treated as an additional contribution to the vol− ume elastic energy density The resulting formula expresses the enhancement of stiffness of the nematic which depends on the actual director orientation in rather complex way. The overall effect of the flexoelectricity and ion presence are difficult to predict, since the dielectric, flexoelectric, elastic and anchoring torques acting on the director in the bulk and on the surfaces are mutually dependent as it can be seen from nonlinear Eqs. (1) 
